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Libration Control of Electrodynamic Tethers in Inclined Orbit

J. Peláez∗
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Any electrodynamic tether working in an inclined orbit is affected by a dynamic instability generated by the
continuos pumping of energy from electromagnetic forces into the tether attitude motion. To overcome the difficul-
ties associated with this instability, two control schemes have been analyzed. In both cases the background strategy
is the same: we add appropriate forces to the system with the aim of converting an unstable periodic orbit of the
governing equations into an asymptotically stable one. The idea is to take such a stabilized periodic orbit as the
starting point for the operation of the electrodynamic tether. In the first case, the unstable periodic orbit is taken
as a reference orbit. In the second one, we use a delay feedback control scheme that has been used successfully in
problems with one degree of freedom. To obtain results with broad validity, some simplifying assumptions have
been introduced in the analysis. Thus, we assume a rigid tether with two end masses orbiting along a circular,
inclined orbit. We also assume a constant tether current that does not depend on the attitude and orbital position
of the tether, and the Earth’s magnetic field is modeled as a dipole aligned with the Earth’s rotation axis.

Nomenclature
a = radius of the center of mass circular orbit, km
B = Earth magnetic field
E = nondimensional total energy, defined in Eq. (17)
Em = motional electric field, V/m, defined in Eq. (7)
fe = electrodynamic torque factor, defined in Eq. (9)
h1, h2 = auxiliary functions
Im = tether current averaged over the total length, A,

defined in Eq. (9)
I (s) = current distribution along the tether, A
i = orbital inclination, deg
k, k1, k2 = control parameters
k∗ = critical value of k
L = tether length, km
L = Lagrangian function, J
m = tether mass, kg
m B = mass of the end mass, kg
O = center of mass; origin on the orbital frame
Qθ , Qϕ = generalized forces
Q̃θ , Q̃ϕ = generalized forces
R = distance to the Earth center of mass, m
R = position vector in the inertial frame, m
s = distance from the orbiter end O , m
T = kinetic energy of the system, J
T = nondimensional kinetic energy of the system,

defined in Eq. (16)
t = time, s
u = unit vector along the tether, defined in Eq. (1)
um = unit vector of the magnetic dipole
uR = unit vector in the radial direction [see Eq. (5)]
V = gravitational potential energy, J
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V0,V1 = nondimensional potential energies
vs = orbital velocity of the center of mass, m/s
γO = acceleration of the center of mass, m/s2

ε = electrodynamic parameter, defined in Eq. (15)
η1, η2 = perturbation of the initial conditions, defined in

Eqs. (24) and (25)
θ = tether in-plane angle, rad
θp, ϕp = basic periodic solution, rad
λ = eigenvalues of the monodromy matrix
µ = Earth’s gravitational constant, km3/s2

µm = magnetic moment of the Earth’s dipole, T · km3

ν = true anomaly of the orbit of O , rad
ν0 = initial true anomaly, rad
ϕ = tether out-of-plane angle, rad
Ω = angular velocity of the orbital frame, s−1

ω = angular frequency of the orbit, s−1

˙(�) = d(�)/dν

Introduction

R ECENTLY, a challenging research subject has been arisen in
the field of nonlinear dynamical system: the control of chaos,

that is, the possibility of bringing order into chaos. Some investiga-
tions have been undertaken using control schemes with and without
feedback. It seems that feedback schemes require comparatively
small perturbations (see Ref. 1) to acquire control on the system.

Pyragas in Ref. 2 proposed a feedback control scheme designed to
synchronize the current state of a system and a time-delayed version
of itself. Taking this delayed time as the period of an unstable peri-
odic orbit, such a control scheme can be used to stabilize the orbit.
This method of control is usually named time-delayed autosynchro-
nization or TDAS. Two important advantages of this method are re-
lated with the feedback used: it does not requires rapid switching or
sampling, nor does it require a reference signal corresponding to the
desired orbit. This technique has been improved in Refs. 3 and 4 us-
ing a more elaborated feedback: the extended time-delayed autosyn-
chronization or ETDAS, where TDAS appears as a limiting case.

The central idea of these methods is to take advantage of the un-
stable periodic orbits, which usually appear embedded in chaotic
attractors, that is, most of the research efforts were devoted to the
control of chaotic behavior in low-dimensional dynamical systems.
Such orbits can be controlled with small perturbation forces that
decrease when time goes on because the system approaches the sta-
bilized periodic orbit where they vanish. The instabilities considered
are caused by various sources depending on the cases analyzed.
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Control schemes using delayed feedback have been utilized in
orbital and attitude dynamics of spacecrafts. One example of this
kind of analysis can be found in Ref. 5 for a system with one degree
of freedom. In that paper, a TDAS control law is used to stabilize
the libration of a gravity-gradient satellite in an elliptical orbit. The
libration of this kind of satellites exhibits a self-excited dynamics
that is strongly chaotic in some regions of the parameter space.

Basically, an electrodynamic tether is made of a thin conductive
wire. When flying in circular orbit, the inert tether, that is, the tether
with zero current, has a stable equilibrium position on the local
vertical. However, this gravity-gradient stabilized equilibrium posi-
tion disappears when the current begins to flow in the wire. Instead
of equilibrium positions, the governing equations exhibit periodic
solutions with the period of the circular orbit followed by the sys-
tem center of mass. In the absence of damping or control, these
periodic orbits are unstable, and the dynamic instability involved
increases with the tether current. Consequently, it is quite natural to
investigate the possibility of stabilizing such periodic orbits using
the techniques just mentioned that have been specially designed to
stabilize chaotic periodic orbits.

The underlying instability has been studied in previous analysis
with different dynamic models.6−12 They show that the instability
source which drives any electrodynamic tether unstable is a nonlin-
ear resonance mechanism that pumps energy continually into the
system. Eventually, the attitude motion of the tether relative to the
orbital frame becomes unstable after several orbits. In those papers
the tether current was assumed constant along the orbit and, in par-
ticular, independent of the actual tether position. This assumption,
which we also adopt in this paper, permits one to obtain results with
broad validity that can be applied to any kind of electrodynamic
tether regardless of the particular device used to collect electrons
from the surrounding plasma.

To lighten the analysis, we introduce some simplifying assump-
tions. Thus, the Earth’s magnetic field is modeled as a dipole aligned
with the Earth’s rotation axis, and we assume a rigid tether with two
end masses orbiting along a circular and inclined orbit. Thus, the
analysis does not include the response of the tether lateral dynam-
ics, which is also affected by the instability. However, the control
of the librations is a necessary condition to the reliable operation
of the tether; unfortunately, it is not sufficient. Because the cou-
pling between librations and lateral modes is complex as a result of
the electrodynamic forces (see Ref. 13 for a linear approximation),
a further analysis would be required to asses the behavior of the
lateral modes.

In this paper we carry out two different analyses about the stability
properties of the periodic solutions that characterize electrodynamic
tethers in inclined orbits. In the first analysis a particular periodic so-
lution is taken as the reference solution. We show that this solution,
which is unstable without damping or control, becomes asymptoti-
cally stable when the system is controlled using the scheme proposed
in this paper. To obtain the families of periodic solutions that ap-
pear in the analysis and their stability properties, we use a numeric
algorithm, which is described in Ref. 14.

In the second analysis we carry out a brief introduction on the
application of the delay feedback control scheme to the rigid elec-
trodynamic tether. We follow closely the analysis of Ref. 5 trying
to extend it to system with two degrees of freedom.

In both cases the background strategy is the same: we add appro-
priate forces to the system with the aim of converting an unstable
periodic orbit of the governing equations into an asymptotically sta-
ble one. The idea is to take such a stabilized periodic orbit as the
starting point for the operation of the electrodynamic tether. Notice
that electrodynamic tethers used to generate thrust are most attrac-
tive when operated over long periods of time. From this point of
view, the stable character of the periodic orbit should be considered
as an important system requirement.

On the other hand, to control the tether the appropriate forces must
be introduced in the system with the help of some device. This poses
an important problem facing the operation of the electrodynamic
tether: which kind of device should be used to apply these forces on
the system? For the moment, we disregard that problem, assuming

that the appropriate forces are available. However, we point here
to a possible solution: to use a movable boom to act on the tether
attaching point to introduce such forces.

Finally, the mechanism that destabilizes the electrodynamic tether
in inclined orbits is different from others considered in the literature,
which were associated with chaotic motions without a continuous
increase of the total energy of the system. Here, the energy ends up
increasing continually because of the forcing terms of the governing
equations associated with the electrodynamic forces.

Description of the Basic Tether Model
The tether is considered as a thin rigid rod with mass m and length

L . A point mass m B is attached to the higher end of the tether. The
orbiter O is at the lower end. We assume the mass of the orbiter to
be very large compared with the remaining masses of the system,
and we neglect its orbital decay. As a consequence, the orbiter is
tracing a circular orbit of radius a and inclination i , with an angular
rate ω = √

(µ/a3).
We used two right oriented reference frames:
1) The first is the inertial geocentric frame Ex1 y1z1: the origin at

the center of mass of the Earth E , the Ex1 axis pointing to the first
Aries point, and the Ez1 axis aligned with the Earth’s rotation axis.

2) The second is the orbital frame Oxyz, with origin O at the
orbiter, the Ox axis along the local vertical pointing to zenith, the
Oz axis directed along the velocity vector, and the Oy axis normal
to the orbital plane (Fig. 1). The angular velocity of the orbital frame
Ω and the acceleration of its origin γO take the values

Ω = −ωj, γO = −ω2ai

The position of the tether in the orbital frame and its unit vector u

u = (cos ϕ cos θ, − sin ϕ, cos ϕ sin θ) (1)

are defined by the in-plane and the out-of-plane angles: θ and ϕ,
respectively. These angles will be taken as generalized coordinates
to study the dynamics of the system. On the other hand, because
the system is subject to ideal constraints the methods of analytical
dynamics can be used to derive the equations governing its dynam-
ics. For this purpose, the expressions of the kinetic energy and the
virtual work of the applied forces will be computed.

In the motion relative to the inertial frame, the kinetic energy is
a function of the generalized coordinates and velocities given by

T = 1
2 Mω2a2 + 1

2

(
1
3 m + m B

)
L2ω2[ϕ̇2 + (1 + θ̇ )2 cos2 ϕ] (2)

M is the total mass of the system (M � m B, m), and the first term
of the right-hand side is a constant value for a circular unperturbed
orbit that does not play any role in the analysis.

The gravitational forces derive from a potential function. The
virtual work of the electrodynamic forces should be determined from
the expression of their power because the system is scleronomic.

Gravitational Forces
Let r be the position vector in the orbital frame of a differential

mass dm of the system. We consider the Earth with spherical sym-
metry. As a consequence, the orbital plane will remain steady in the

Fig. 1 Orbital frame and tether position.
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inertial geocentric frame Ex1 y1z1. Let dm be a differential mass
at a distance R = ‖ai + r‖ from the Earth’s center. Its gravitational
potential is

V dm = −µdm/R

This expression will be developed as a Taylor series up to terms
of order (L/a)2 about the origin O of the orbital frame (r = 0) to
obtain

V dm = −(µ/a)
[
1 − (r · i)/a + 3

2 (‖r · i‖2/a2) − 1
2 (‖r‖2/a2)

]
dm

(3)

For the whole system, the potential of the gravitational forces is
obtained in two steps: 1) the vector r in Eq. (3) is written as a
function of the generalized coordinates and 2) the expression (3) is
integrated over the whole system to yield

V = − 1
2

(
m B + 1

3 m
)
ω2 L2 · 3 cos2 ϕ cos2 θ (4)

where constant terms have been removed.

Electrodynamic Forces
The Earth magnetic field B is modeled by means of a dipole with

origin at the Earth’s center of mass and whose axis is defined by the
unit vector um . Let R = RuR be the position vector of a given point
P; then the field B in P , is

B(R) = (
µm

/
R3

)
[um − 3(um · uR)uR] (5)

In a tilted dipole model the unit vector um would rotate around the
Earth’s spin axis. In this paper, for simplicity we neglect the tilt,
which is not essential in explaining the instability mechanism of the
electrodynamic tethers as long as the orbits are inclined.

We assume the tether length L to be much smaller than the char-
acteristic length of variation of the Earth’s magnetic field. Thus, the
value of B at any tether point will be equal to the value of B at the
origin O (RuR ≈ ai). In such a case, the unit vector um becomes
(see Refs. 6 and 7 for details)

um = sin i sin ν i − cos i j + sin i cos νk

Along the orbit, the dipole model provides the following com-
ponents, in the orbital frame, of the magnetic field B = Bx i +
By j + Bz k:

Bx = −(
2µm

/
a3

)
sin i sin ν, By = −(

µm

/
a3

)
cos i

Bz = +(
µm

/
a3

)
sin i cos ν (6)

For an orbital velocity vs , the geomagnetic field B induces, in the
tether reference frame, a motional electric field

Em = u · (vs × B) (7)

which drives an electric current I (s) along the tether, provided that
a good, steady electric contact is achieved with the ionospheric
plasma for both electron collection and emission. The relationship
between Em and I (s) depends on the configuration and regime of
the electrodynamic tether.

Next, we will obtain the generalized forces associated with the
electrodynamic terms. Let ds be the differential length of a tether
element at a distance s from the point O . Its position vector in the
inertial frame Ex1 y1z1 is xds = ai + su. If the tether current is I (s),
the force acting on this element is

Fds
B = I (s)ds u × B (8)

The generalized forces produced by these magnetic forces are given
by

Qθ =
∫ L

0

Fds
B · ∂xds

∂θ
=

∫ L

0

s I (s)ds(u × B) · ∂u
∂θ

Qϕ =
∫ L

0

Fds
B · ∂xds

∂ϕ
=

∫ L

0

s I (s)ds(u × B) · ∂u
∂ϕ

Introducing into these expressions Eqs. (1) and (6) and integrating
over the whole tether length, the generalized forces result in

Qθ = − fe Im L2
(
µm

/
a3

)
cos ϕ

× [sin i sin ϕ(2 sin ν cos θ − cos ν sin θ) + cos i cos ϕ]

Qϕ = fe Im L2
(
µm

/
a3

)
sin i(2 sin ν sin θ + cos ν cos θ)

where the constant fe and the average electric current Im are defined
by the following integrals:

Im = 1

L

∫ L

0

I (s)ds, fe Im L2 =
∫ L

0

s I (s)ds (9)

Notice that fe = 1
2 when the tether current is uniform along the tether.

However, the distribution of current along the tether I (s) depends on
the tether configuration and the regime of operation. There are two
basic configurations: 1) the insulated tether, with current collection
and emission only at end masses; and 2) the bare tether, with current
collection along its anodic portion. An electrodynamic tether has
two basic operation regimes: the thruster mode, with Im < 0, and
the generator (deboost) mode, with Im > 0. In the generator mode
the tether collects electrons from the ionosphere at its upper end.
These electrons are then ejected back into the ionosphere by the
cathodic contactor at the lower end; thus, the conventional current
flows from the lower to the higher end of the tether. In the thruster
mode the current is forced to flow in the opposite direction by means
of a power supply that bias the tether positively with respect to the
ambient plasma. The analysis of papers6,7,9,10 can be applied to both
tether configurations and both operation regimes.

Uncontrolled System
In this section we derive the system governing equations without

control. In such a case, the only forces that must be considered
are the gravitational, inertial, and electrodynamic forces. Moreover,
we will assume constant the value of the parameter ε, defined in
Eq. (15). Notice that to achieve this condition the tether current
must be kept constant along the orbit (see later on).

Governing Equations
A Lagrangian function L= T − V , which does not include the

electrodynamic forces, can be defined for the system as follows:

L= 1
2 ω2 L2

(
m B + 1

3 m
){ϕ̇2 + cos2 ϕ[3 cos2 θ + (1 + θ̇ )2]} (10)

and the Lagrange equations governing the system dynamics take the
form:

d

dν

(
∂L
∂θ̇

)
− ∂L

∂θ
= Qθ ,

d

dν

(
∂L
∂ϕ̇

)
− ∂L

∂ϕ
= Qϕ

After replacing the generalized forces on the right-hand sides, the
following system of equations is obtained:

θ̈ = 2(1 + θ̇ )ϕ̇ tan ϕ − 3
2 sin 2θ − ε[sin i tan ϕh1(z, θ) + cos i]

(11)

ϕ̈ = − 1
2 sin 2ϕ[(1 + θ̇ )2 + 3 cos2 θ ] + ε sin ih2(z, θ) (12)

ż = 1 (13)
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where h1 and h2 are auxiliary functions defined as follows:

h1(z, θ) = 2 sin z cos θ − cos z sin θ

h2(z, θ) = 2 sin z sin θ + cos z cos θ

In these equations, and along the paper, the dot means derivation
with respect to the true anomaly ν, measured from the lines of nodes
ν = ν0 + ωt . The variable z has been introduced to make the system
of differential equations autonomous. It is defined in one period
[z0, z0 + 2π ], and it coincides with the true anomaly ν but for a
constant.

The tether current is on at the initial time (t = 0), and Eqs. (11–13)
must be integrated starting from the appropriate initial conditions

at ν = ν0(t = 0), θ = θ0

ϕ = ϕ0, θ̇ = θ̇0, ϕ̇ = ϕ̇0 (14)

The main effect of the electrodynamic forces is included in the
nondimensional parameter ε:

ε = 3 fe Im

m + 3m B
· µm

µ
(15)

Therefore, there are only two free parameters, ε and i , in
Eqs. (11–13), which govern the systems dynamics.

Energy Equation
The kinetic energy of the system in its motion relative to the

orbital frame takes the following nondimensional form:

T = 1
2 (ϕ̇2 + θ̇ 2 cos2 ϕ) (16)

The other terms of the Lagrangian function can be considered as
1) an ordinary potential V0 and 2) a generalized potential V1. They
have the following nondimensional form:

V0 = 1
2 [4 − cos2 ϕ(1 + 3 cos2 θ)], V1 = −θ̇ cos2 ϕ

and from them the gravitational and inertial forces can be derived.
Note that the generalized forces derived from V1

Q̃θ = d

dν

(
∂V1

∂θ̇

)
− ∂V1

∂θ
, Q̃ϕ = d

dν

(
∂V1

∂ϕ̇

)
− ∂V1

∂ϕ

are gyroscopic, that is, they produce no power: θ̇ Q̃θ + ϕ̇ Q̃ϕ = 0.
By definition, the total energy of the system relative to the orbital

reference frame takes the following nondimensional form:

E = T + V0 (17)

and its evolution is governed by the energy equation, which takes
the form

dE
dν

= ε
{
ϕ̇ sin ih2(ν, θ) − θ̇ cos2 ϕ[sin i sin ϕh1(ν, θ) + cos ϕ cos i]

}

(18)

On the right-hand side of this equation, there is only one term giving
the power produced by the electrodynamic forces.

Basic Periodic Solution
For the uncontrolled system, the dynamics is governed by

Eqs. (11) and (12). The numerical integration of these equations,
starting from the initial conditions (14), provides the time evolution
of the tether position, which depends on the free parameters of the
model: ε and i .

When ε = 0, the governing equations (12) and (13) exhibit steady
solutions. In one of these singular points, the tether is aligned along
the vertical (θ = ϕ = 0), and this equilibrium position is stable.

When ε �= 0, that is, when the current is flowing in the conduc-
tive tether, the steady solutions disappear. Instead of equilibrium

Fig. 2 Basic periodic solutions for ε= 1.0 and different values of i from
i = 15 to 85 deg by 10-deg increments.

positions the governing equations (11) and (12) exhibit periodic
solutions with the orbital period (2π in nondimensional variables).

The basic periodic solutions depend on the two free parameters
ε and i . Figures 2 and 3 show the form of these periodic solutions
for different values of ε and i . Figure 2 shows the form of the
basic periodic solution when ε = 1.0. Eight cases have been plotted
corresponding to the following values of the orbital inclination:
i = 15, 25, 35, 45, 55, 65, 75, and 85 deg. For small values of i ,
the periodic solution is an oscillation in ϕ with θ almost constant.
For increasing values of i , the amplitudes of both angles grows
noticeably.

Figure 3 shows the periodic solutions for the same values of the
orbital inclination in two additional cases: ε = 0.5 and 1.5. Notice
that when ε = 0.5, the amplitudes become small. (In fact they are
smaller than ≈15 deg.) On the contrary, when ε = 1.5 the amplitudes
become significant, and they reach values close to 90 deg. From these
pictures, it is clear that the amplitudes of both oscillations growth
monotonously with ε.

The stability properties of the basic periodic solution also depend
on the two free parameters ε and i . It is a well-known fact that
this periodic solution is unstable for all values of ε and i , when
the system is not controlled or damped, which is the case that we
study here (see, for example, Refs. 6, 7, 9, and 10). In the following
sections we will consider the case in which the tether is controlled
and this basic periodic solution will be taken as a reference orbit.

First Control Scheme
In the first control scheme we will use the following governing

equations:

θ̈ − 2(1 + θ̇ )ϕ̇ tan ϕ + 3
2 sin 2θ

= −ε · [sin i tan ϕh1(ν, θ) + cos i] − k1[θ̇ (ν) − θ̇p(ν)] (19)

ϕ̈ + sin ϕ cos ϕ{(1 + θ̇ )2 + 3 cos2 θ}
= ε sin i · h2(ν, θ) − k2{ϕ̇(ν) − ϕ̇p(ν)} (20)

In the right-hand side of these controlled equations (19) and (20)
appear θp(ν), ϕp(ν), which represent the basic periodic solution
of the noncontrolled system (11) and (12); θ = θp(ν, ε, i), and
ϕ = ϕp(ν, ε, i) for given values of ε and i . Note that those unstable
periodic solutions are also solutions of these new equations (19) and
(20) for nonvanishing values of the control parameters, that is, when
(k1, k2) �= (0, 0) because the control terms vanish when the system
follows such 2π -periodic solutions.

To simplify the analysis, we consider the case in which both
parameters k1 and k2 take the same value: k1 = k2 = k. In such a
case the governing equations involve three free parameters, and the
stability properties can be described as functions of k for given
values of i and ε.
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a) b)

Fig. 3 Basic periodic solutions for a) ε= 0.5 and b) ε= 1.5. The inclination i takes the same values as in Fig. 2.

Note that in this control scheme, we are taking the basic periodic
solution as the reference orbit, and the control process will be or-
ganized around such a periodic orbit. Therefore, we will analyze
first the stability properties of this simplified control scheme. Then
we will use the results of this analysis to check the TDAS control
scheme.

Stability Properties
For a numerical example, let us assume the values of i and ε, for

example,

ε = 1.5, i = 40 deg (21)

The basic periodic solution of the noncontrolled system (11) and
(12), which depends only on ε and i , can be readily obtained. It will
also be a 2π -periodic solution of the system (19) and (20) for any
value of the control parameter k. For the case we had just selected,
the initial conditions (at ν0 = 0) that lead to the periodic orbit are

θ0 = 0.00268, ϕ0 = 0.29677 (22)

θ̇0 = 0.12715, ϕ̇0 = −0.76264 (23)

and the basic periodic solution is shown in Fig. 4. These values have
been obtained with the help of the numeric algorithm described in.14

To obtain this curve, Eqs. (11) and (12) have been integrated,
starting from the initial conditions (22) and (23) and for the values
(21) of the free parameters. Because the orbit is also a periodic
solution of the controlled system, it can be obtained by integrating
Eqs. (19) and (20), starting from the same initial conditions (22) and
(23) and with the same values of ε and i . However, in the second orbit
the control parameter k is not zero (in particular we take k = 0.25
in this case). The agreement between both numerical solutions (one
is given by the solid line and the other by the dots) is perfect, as it
should be.

Thus, if the value of k is changed the basic periodic solution
considered as orbit of Eqs. (19) and (20) does not change, but its
stability properties do, and this is the most important point of the
procedure.

The periodic solution shown in Fig. 4 is unstable as we show
in the following. To confirm this unstable character, we integrate
Eqs. (11) and (12) starting from the following initial conditions [the
initial conditions (22) and (23) perturbed]:

θ0 = 0.00268 + η1, ϕ0 = 0.29677 + η2 (24)

θ̇0 = 0.12715, ϕ̇0 = −0.76264 (25)

Fig. 4 Basic periodic solutions.
Here ε= 1.5, and i = 40 deg (k = 0
and 0.25).

When (η1, η2) �= (0, 0), they lead to an orbit that is quite different
from the periodic solution, even for values of η1 and η2 as small as
η1 = 0.01 and η2 = 0.01. For these values, we should get an orbit of
the uncontrolled Eqs. (11) and (12), which should remain close to
the periodic orbit shown in Fig. 4. However, because of the unstable
character of the basic periodic solution, when times increases the
orbits will diverge.

Figure 5 shows the trajectory of the uncontrolled equations (11)
and (12), which starts from the initial conditions (24) and (25), that
is, almost on the periodic orbit.

However, Fig. 5 shows clearly the increasing separation between
both orbits. In fact, after six orbital periods the new trajectory is
very close to the transition from libration to rotation, that is, it is far
away from the periodic orbit.

Figure 6a shows the evolution of the eigenvalues of the mon-
odromy matrix of the periodic solution plotted in Fig. 4, when the
parameter k takes increasing values starting from zero. For this par-
ticular case, the four eigenvalues of the monodromy matrix appear
as two pairs of complex conjugate numbers. When k = 0 (uncon-
trolled system), one pair has modulus greater than one, and the
periodic solution shown in Fig. 4 is unstable.

Figure 6b shows the moduli of the eigenvalues of the monodromy
matrix as functions of k. It is clear that the moduli decrease when
k increases. Thus, when k reaches a critical value k∗ ≈ 0.1675 the
maximum modulus of the eigenvalues is exactly 1, and when k > k∗

all of the eigenvalues have moduli lower than 1. The critical value
k∗ is the boundary where the basic periodic solution changes from
unstable to stable.
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Fig. 5 Unstable behavior of the periodic solution in the case ε= 1.5,
i = 40 deg. Six orbital periods.

a)

b)

Fig. 6 Eigenvalues of the monodromy matrix and moduli vs k for
i = 40 deg and ε= 1.5.

In summary, when k < k∗ the unstable character of the basic pe-
riodic solution does not change. However, when k > k∗ then the
control law stabilizes the basic periodic solution, which becomes
asymptotically stable because the eigenvalues of the monodromy
matrix has moduli strictly lower than 1.

When k < k∗, the control law improves the stability properties
of the system, but it does not change the unstable character of the
basic periodic solution. To check this behavior, we take k = 0.10
(a value lower than k∗ ≈ 0.1675). Figure 7 shows the trajectory of
the controlled equations (19) and (20), which starts from the initial
conditions (24) and (25) in this case. Notice that the only difference
between the cases shown in Figs. 5 and 7 is the value of the parameter
k, which is zero in the first case and k = 0.10 in the second one.

When k > k∗, the control law changes the character of the basic
periodic solution, which becomes asymptotically stable. To confirm
this behavior, we take k = 0.20, a value greater than k∗ ≈ 0.1675.

Fig. 7 In this run k = 0.10 < k∗. From top (left) to bottom (right): tra-
jectory after 5, 10, 15, and 16.5 orbital periods.

Figure 8 shows the orbit resulting from numerical integration. Four
different pictures are shown. The first picture depicts the trajectory
during the first five orbital periods. The other pictures show the
trajectory after 10, 15, and 20 orbital periods. Now, the trajectory
remains close to the periodic orbit, and when time goes on both
orbits are closer to one another.

Figure 9 shows � = |y(ν) − yp(ν)|, the difference between the
trajectory and the basic periodic solution, as a function of the
number of orbital periods (true anomaly). After 20 orbits this
difference is almost half of its initial value, and after 40 or-
bits is, roughly, one-tenth. However, more important than the
numerical values is the fact that the trend of this difference is
clearly decreasing. After some number of orbits, the trajectory
is so close to the basic periodic solution that is imposible to
distinguish it.

The main conclusion of this analysis is that for these particular
values of ε and i there is a critical value of the control parameter k∗,
beyond which the basic periodic solution becomes asymptotically
stable. The same qualitative behavior appears for different values of
ε and i , as we will show in what follows.

Stability Domains
Let |λ|max be the maximum modulus of the eigenvalues of the

monodromy matrix of the basic periodic solution. The modulus is
an involved function of the free parameters: |λ|max = �(ε, i, k). The
following step in the analysis is to keep the same value for the incli-
nation i = 40 deg and to explore what happen when the parameter
ε changes. Figure 10 shows the evolution of the eigenvalues of the
monodromy matrix with the control parameter k, for the particular
value of ε = 1.0.

From a qualitative point of view, there are no differences between
this case (ε = 1.0) and the case shown in Fig. 6 (ε = 1.5). Like
in the preceding case, there is also a critical value beyond which
|λ|max < 1, and that implies the asymptotically stable character of
the basic periodic solution.

The calculations made for several values of ε show essentially
the same behavior. Moreover, changing the value of the inclination
i does not change this qualitative behavior. As a consequence, there
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Fig. 8 Stabilization with k = 0.2 > k∗ ≈ 0.16. From top (left) to bottom
(right): trajectory after 5, 10, 15, and 20 orbital periods.

Fig. 9 Difference � = |y(ν) −−yp(ν)| vs the number of orbits n.

is a function that provides the stability boundary of the basic pe-
riodic solution. This function, which correspond to the condition
|λ|max = 1,

�(ε, i, k) = 1 ⇔ k = k∗(ε, i) (26)

has been numerically determined for some inclinations as we show
in what follows.

Figure 11 shows this stability boundary in the plane (ε, k)
when i = 40 deg. It corresponds to the curve k = k∗(ε, i = 40 deg)
obtained from Eq. (26) for this particular value of i . The curve di-
vides the plane (ε, k) in two different regions: in one of them the
basic periodic solution is unstable (|λ|max > 1), and in the other one
is asymptotically stable (|λ|max < 1). On the boundary |λ|max = 1.

In fact, the stability boundary has two branches. The main branch,
which is coming from the origin (k = 0, ε = 0), is the most signif-

Fig. 10 Eigenvalues of the monodromy matrix and moduli vs k for
i = 40 deg and ε= 1.0.

Fig. 11 Stability domain in the plane (ε, k) for i = 40 deg.

icant; the secondary branch only appears for large values of ε, and
it is caused by the existence of multiple solutions of the equations
|λ|max = 1 beyond some critical value of ε.

Figures 12 and 13 help in understanding the existence of the
secondary branch of the stability boundary, in this particular case
i = 40 deg. They show the eigenvalues of the monodromy matrix
vs k for ε = 1.7 (one solution) and ε = 1.82 (three solutions), re-
spectively. In the first case, Fig. 12, a pair of complex conjugate
eigenvalues splits in two real eigenvalues beyond some value of k.
However, there is only one root of the equation |λ|max = 1.

In the second case, Fig. 13, there are three roots of the equations
|λ|max = 1, namely, k1, k2, and k3. One of the two real eigenvalues
has modulus larger than 1 in the interval [k2, k3]. The ends of this
interval give the secondary branch of the stability boundary.

The numerical analysis has been carried out for i = 40 deg and for
other values of the inclination i . The results obtained are summarized
in Fig. 14, which shows the stability boundary in the plane (ε, k)
for i = 20, 25, 30, 35, and 40 deg.
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Fig. 12 Eigenvalues of the monodromy matrix and moduli vs k for
i = 40 deg and ε= 1.7.

Keeping constant the value of k in Eq. (26), the following relation
is obtained:

k∗(ε, i) = c

where c is the constant value of k, that is, k = c. This condition
corresponds to a family of curves in the plane (ε, i), and c is the
parameter of the family. (There is a curve for each value of c.) These
curves also correspond to the stability boundary of the system, but
now in the plane (ε, i). They divide the plane (ε, i) in two regions.
In one of them the basic periodic solution is unstable, and in the
other one is asymptotically stable. Obviously, on the boundary of
the stability domain |λ|max = 1.

Figure 15 shows the boundary of the stability domain in the
plane (ε, i) (curves k = c) for different values of k (k = 1 × 10−3,
2 × 10−3, . . . , 10 × 10−3). Note that the stable region shrinks, that
is, ε decreases, when i increases, which is the expected behav-
ior for this kind of model in which the value of ε is kept con-
stant along the orbit. For a given curve, the value of ε reaches a
minimum—maximum instability when i ≈ 55 deg; the theory de-
veloped in Ref. 7 for small values of ε × sin i predicts that the
minimum is at i = arctan

√
2 ≈ 54.75 deg.

Additional Comments About the Model
The analysis carried out in the preceding sections cannot be di-

rectly applied to a real tether. In fact, the analysis assumes a constant
value for the parameter ε, which implies a constant torque produced
by the electrodynamic forces about the system center of mass. How-
ever, the tether current depends on two distinct parameters: 1) the
motional electric field Em given by Eq. (7) and 2) the electronic
plasma density of the ionosphere n∞. For any inclined orbit, both
parameters change along it, and, consequently, ε will also change
along the orbit. Moreover, the tether librations affect the value of Em ,
which decreases when the tether separates from the local vertical.

It would be possible to keep constant the value of ε for any kind
of tether, bare or insulated. To do that, a variable resistor could be
introduced in series with the tether, which would be used to keep

Fig. 13 Eigenvalues of the monodromy matrix and moduli vs k for
i = 40 deg and ε= 1.82.

Fig. 14 Stability domain in the plane (ε, k) for different values of i.

constant the value of ε along the orbit. However, this technique is
not completely practical because such a constant value would be
very close to the minimum tether current (along the orbit), and the
thruster performances of the tether would be seriously diminished.
Moreover, the constant tether current assumption brings a drawback
with it, that is, the effects of the electrodynamic forces acting on the
tether could be overestimated.

However, the analysis of this paper opens the door to more spe-
cialized analysis for particular cases. For example, releasing the
assumption of constant value for ε, we would reach a more ac-
curate description of the electrodynamic forces acting on the sys-
tem and, therefore, on the dynamic instability affecting electrody-
namic tethers flying in inclined orbits. From this point of view,
the release of this assumption should facilitate the stabilization of
the tether librations. Because tether current depends closely on the
device used to collect electrons and also on the operating regime,
thruster or generator, the analysis must opt for a particular tether
configuration.
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Fig. 15 Stability domain in the plane (ε, i) for different values of k.

For example, in Refs. 15 and 16 the bare tether has been ana-
lyzed in the long-tether regime of the generator mode. New free
nondimensional parameters have been introduced in both papers to
show how to reformulate the governing equations in order to take
into account the dependence of the tether current on the actual tether
position in the orbital frame and the variations along the orbit. In
such a case, the parameter ε changes with the tether position and
along the orbit. Using the same nontilted dipole model for the ge-
omagnetic field, the papers show that there are also 2π -periodic
solutions that are unstable without damping or control.

For an actual tether in Earth’s orbit, however, the geomagnetic
field is clearly much more complex than the one corresponding to
an aligned dipole model. Forcing terms with a new period associ-
ated with the daily Earth rotation appear in the governing equations.
As a consequence, the periodic solutions disappear for most orbits,
and they only exist in some resonant cases. Moreover, the real teth-
ers exhibit flexibility and elasticity, which introduce other temporal
scales in the problem that contribute to destroying the periodicity.
Finally, the evolution of the orbit of the system center of mass in-
troduces additional perturbations in the problem. For example, any
eccentricity would induce self-excited librations that reinforce the
instability. Thus, in a real tether we will not have, in general, the
periodic solutions that we consider in this paper. However, the pe-
riodic solutions that we found are important because they permit
to asses the magnitude of the inherent dynamic instability affecting
electrodynamic tethers flying in inclined orbits (without damping
or control). Moreover, the effects that prevent the existence of peri-
odic solutions can be considered as perturbations of the model that
we present here. In such a case, it should be necessary to assess if
those perturbations remove the asymptotic stable character from the
periodic solution; such a stable character is the main consequence
of the control scheme considered in this section.

Related to these matters, another question arises: the choice of the
periodic orbit as the starting point of the operation in a given incli-
nation i . For each value of ε, we have a periodic solution that tends
to the equilibrium position along the local vertical when ε → 0. The
stabilization carried out by this control scheme requires to start the
procedure close to the periodic orbit. To do that, it should be neces-
sary to start from the natural equilibrium position of the tether along
the local vertical and to increase the tether current progressively un-
til reaching the desired value of ε. Note that to reach the periodic
solution starting from the local vertical is easy for small values of ε
because the periodic orbit is asymptotically stable and very close to
the local vertical. Some problems would arise when the value of ε
becomes of order unity, depending of the influence of the perturbing
effect considered. These important points should be analyzed in the
future.

Second Control Scheme
Recently, new control techniques have been developed related

with chaos. Most of them try to convert chaotic behavior into a
periodic or constant motion (for example, see Ref. 1). To use the
basic periodic orbit as the starting point of the operation of the
electrodynamic tether, some kind of device must be used to avoid
the problems associated with its unstable character. In this paper
we will check a control scheme, which is a natural extension of the
TDAS that was used successfully in Ref. 5 to stabilize a gravity-
gradient satellite in an elliptical orbit. The main innovation is that
the scheme will be applied to a system with two degrees-of freedom.

However, some observations could be helpful in order to clarify
a few points of the control problem that we face. First of all, the
TDAS has been used to control chaotic motions that appear in sev-
eral kinds of systems: autonomous, nonautonomous, self-excited,
conservative, etc. In our case chaos is not the main concern be-
cause the more important characteristic of the physical problem is
a nonlinear resonance that introduces energy into the system in a
continuous way. We are dealing with a destabilizing mechanism,
which is a bit different from the ones usually found in the literature.

In this section we assume that the tether is acted upon additional
forces, which introduce new terms in the governing equations in
order to control the tether dynamic in an effective way. For the
moment, we avoid to describe what kind of device would be used to
produce the additional forces, and we will assume that the control
scheme leads to the following governing equations:

θ̈ − 2(1 + θ̇ )ϕ̇ tan ϕ + 3
2 sin 2θ

= −ε · [sin i tan ϕh1(ν, θ) + cos i] − k1[θ̇ (ν) − θ̇ (ν − 2π)]

(27)

ϕ̈ + sin ϕ cos ϕ[(1 + θ̇ )2 + 3 cos2 θ ]

= +ε sin i · h2(ν, θ) − k2[ϕ̇(ν) − ϕ̇(ν − 2π)] (28)

The novelty is in the control terms −k1[θ̇ (ν) − θ̇ (ν − 2π)] and
−k2[ϕ̇(ν) − ϕ̇(ν −2π)] that provide the control mechanism that we
would like to check. Both terms should control the growth of the
oscillations of θ and ϕ as a result of the unstable dynamics. Be-
cause, they involve the nondimensional period of the basic periodic
solution, 2π , when the system follows a 2π -periodic solution of
Eqs. (11) and (12), both terms vanish. Thus, any 2π -periodic solu-
tion of the system (11) and (12) is also a 2π -periodic solution of the
system (27) and (28).

If the control scheme were to be successful, the basic periodic
solution of the noncontrolled problem (11) and (12) would become



278 PELÁEZ AND LORENZINI

asymptotically stable as periodic solution of the controlled system
(27) and (28). In such a case, any orbit of the controlled system
would approach the basic periodic solution when times goes on.
Thus, after a while, the control terms becomes very small because
they would tend to zero when t → ∞. If from the very beginning
the system is operated close to the basic periodic solution, it can be
controlled with small controlling forces, an attractive feature of the
control law.

Note that, if successful, the method has two important advantages
related with the feedback used: it does not requires rapid switching
or sampling, nor does it require a reference signal corresponding to
the desired orbit.

Thus, the stability properties of the basic periodic solution as a
trajectory of the controlled system (27) and (28) should be studied.
One option is the Poincaré method of continuation of periodic orbits.
[The procedure must be appropriately updated to take into account
that Eqs. (27) and (28) involve delayed terms.] It can be implemented
by taking anyone of the parameters k1 or k2 as the parameter of a
family of periodic orbits embedding the basic periodic solution.
However, two new functions must be introduced:

f (ν) = θ(ν − 2π), g(ν) = ϕ(ν − 2π)

together with the equations for their time evolution, to be integrated
from the following initial conditions:

f (ν0) = θ(ν0 − 2π), ḟ (ν0) = θ̇ (ν0 − 2π)

g(ν0) = ϕ(ν0 − 2π), ġ(ν0) = ϕ̇(ν0 − 2π)

Notice that all of these initial conditions becomes free param-
eters that should be added to the free parameters i , ε, k1, and
k2 of the system. The number of free parameters turns out to
be too large, and the Poincaré method of continuation of peri-
odic orbits becomes almost useless. This is the weak point of this
procedure.

TDAS Stability Analysis
To integrate the delayed equations (27) and (28) from the initial

conditions (14) at ν = ν0, the functions θ(ν) and ϕ(ν) must be given
in the previous period [ν0 − 2π, ν0]. From the point of view of the
operation of the tether, these functions can be obtained by integrating
Eqs. (27) and (28) from the initial conditions (14), but for negative
times, with ε = 0, k1 = k2 = 0. Remember that t = 0, the initial time,
is the moment when the tether is turned on.

A second option is to carry out the stability analysis of the basic
periodic solution as trajectory of Eqs. (27) and (28), following the
theory developed in Ref. 4. However, before undertaking such a
cumbersome analysis we made some tests in order to get some
feeling on the system behavior. Unfortunately the tests gave us a
negative answer about the stability of the periodic orbit.

Fig. 16 Number of orbits spent to double the initial energy vs k1 for
different values of the ratio k2/k1. Here, ε= 1.5 and i = 40 deg. Lowest
curve for k2/k1 = 1.

Fig. 17 Destabilized orbit
until reach twice energy.
Here, ε= 1.5, and i = 40 deg.

Figure 4 shows an unstable periodic orbit corresponding to ε = 1.5
and i = 40 deg. This orbit was selected for the tests. Equations (27)
and (28) were integrated starting from the initial conditions (24) and
(25) with η1 = 0.01 and η2 = 0.01, for different combinations of the
control parameters k1 and k2. We expected to find stable behavior for
values of k1 and k2 beyond some critical threshold. But in all cases,
when time goes on, the trajectory moved away from the periodic
solution after some time.

Along the destabilization process, the total energy of the system
as given by Eq. (17) is increasing gradually. Figure 16, which sum-
marizes the results of our tests, shows the time (in orbital periods)
spent to double the initial energy of the system, as a function of k1,
for different values of the ratio k2/k1 = 1, 2, 3, 4, 5, and 6.

Figure 16 shows clearly that for increasing values of the control
parameter it takes more time to double the energy and, therefore, to
destabilize the system. However, the linear growth of that time is a
clear sign of unstable character. In fact, in all of our calculations the
orbit reached the transition from libration to rotation after several
orbital periods.

Figure 17 shows a typical evolution of the trajectory. In this case
the control parameters take the values: k1 = 0.204 and k2 = 1.224.
The final position corresponds to the point where the total energy
doubles its initial value, for the first time. The orbit shown in this
figure spent many orbits in the neighborhoods of the periodic orbit,
but from the very beginning it moves away from it. When it reaches
a value of twice energy, the phase-space trajectory is far away from
the periodic orbit.

The reason why TDAS fails to stabilize the orbit must be found
in the energy flow to the system coming from the electrodynamic
forces. Similar behavior has been detected in forced system. For
example, in Ref. 4 the authors mention an example of a forced
pendulum where TDAS also failed.

Conclusions
Electrodynamic tethers exhibit a dynamic instability. As a con-

sequence, the amplitude of the tether libration grow gradually and
destabilize the system. To avoid such destabilization process, some
kind of damping or control must be introduced in the system.

Using a very simple model to describe the system dynamics, we
analyze in this paper two control laws with the aim of clarifying if
they are appropriate to stabilize the system.

In the first control law we take an unstable periodic trajectory
of the phase space as reference orbit, and we introduce damping
forces on the system, which depend on the difference between the
real orbit and the reference orbit. We show that for equal values of
the two control parameters the system can be stabilized when the
control parameter is greater than a threshold value, which depends
on the orbital inclination and the strength of the electrodynamic
forces.

This control law has advantages and drawbacks. On the advan-
tages side we have to mention the following:
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1) It converts the reference orbit (an unstable periodic orbit of
the uncontrolled system) in an asymptotically stable orbit of the
controlled system.

2) Because of this asymptotically stable character, the forces
needed to control the system become small when time progresses.
If the tether starts its motion close to the reference orbit, then it can
be readily controlled.

3) It can be extended without significant difficulties to more realist
models (bare tethers with variable current, for example). In some
cases, a close structure has been found15,16 with periodic orbits that
could, likely, be stabilized with the same strategy (obviously, with
a different reference orbit).

On the drawbacks side, we should mention the following:
1) To use a reference orbit could be a problem because for the

real operation of the tether it is necessary to estimate the reference
orbit appropriately. Any mistake in the selection of the reference
orbit introduces an unknown excitation on the system, which will
be forced to follows a nonnatural orbit that involves a greater control
effort.

2) There is no immediate way to introduce the forces needed
in the control process on the system. This point must be analyzed
in detail before implementing this procedure. However, we believe
that those forces could be produced by a movable boom at the tether
attachment point.

3) In a real case, the orbit of the mother spacecraft is changing
continually. This force to change the reference orbit appropriately,
and this adjusting process could introduce instabilities in the system.

The second control law is an extension of the time-delayed au-
tosynchronization (TDAS) method to a dynamical system with two
degrees of freedom. This king of control schemes has been used
in some situations involving orbital and attitude dynamics of a
spacecraft, for a one-degree-of-freedom system.5 If successful, the
method has two important advantages related with the feedback
used: it does not requires rapid switching or sampling, nor does it
require a reference signal corresponding to the desired orbit.

Unfortunately, the TDAS control scheme does not work appropri-
ately in the problem of the electrodynamic tethers. Our calculations
show that this control law delays the instability, but it does not stabi-
lize the unstable periodic orbit for reasonable values of the control
parameters.

A possibility to stabilize the tether with this kind of techniques
is to use the extended time-delayed autosynchronization (ETDAS)
method, which is an extension of the TDAS method. The ETDAS
has been used with success in some cases where TDAS failed.3,4

There are some natural continuations of this work: 1) to check the
ETDAS procedure and 2) to analyze if a movable boom can provide
the control forces needed to stabilize the system with the second
control law.
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